This paper concerns an inverse problem for an integro-differential equation related to the Basset problem. The inverse problem aims to determine a weakly singular term from the time trace at a fixed point x 0 ∈ . We use the maximum principle for an integro-differential operator to derive the uniqueness of the inverse problem. Additionally, we prove the existence and uniqueness of the direct Basset problem with a general kernel function. MSC: 35L05; 35L10; 35R09; 35R30
Introduction

k(t -s)u t (x, s) ds = f (x, t), (x, t) ∈ Q ,T (.)
with the initial and boundary conditions:
(x, t) = g(x, t), (x, t) ∈ ,T . (.)
Here the operator A is uniformly elliptic on , defined by
with a(x) ∈ C  ( ) satisfying a(x) ≥ a  >  for x ∈ , the function k with some power singularity is unknown and has to be determined by the following measurement data at a fixed point x  ∈ :
u(x  , t) = h(t), t ∈ [, T].
(.) http://www.boundaryvalueproblems.com/content/2014/1/229
For the direct problem (.) and (.), Ashyralyev [] proved the well-posedness for the following form of k:
In this case, (.) can be written as a fractional parabolic equation As for the inverse kernel problems related to the integro-differential equation, in [-] efficient strategies to prove the existence and uniqueness of inverse memory kernel problems were given. In particular, Colombo and Guidetti [] showed that a semilinear integro-differential parabolic inverse problem had a unique solution global in time under suitable growth conditions for the nonlinearity involved in the evolution equation. Lorenzi and Rocca [] studied an inverse two memory kernels problem in a hyperbolic phase-field model. But the additional measurements used in these papers are imposed on the whole or the part of , which can be expressed in the following integral form:
with a known function φ. Comparing with these papers, our study only needs the measurements at a fixed point x  . Another difference is that the kernel function discussed in our current paper has power singularity t -γ . Finally, our method in discussing the uniqueness of our inverse problem is different from those inverse memory kernel problems, in which the methods on the basis of the analytic semigroup theory were used. It is worth noting that in [] the Fourier method was applied to prove the existence and uniqueness of determining a weakly singular kernel in a linear heat conduction model. For some γ ∈ (, ), we use the notation C γ [, T] to denote the following Banach space:
. Furthermore, we introduce
(.) http://www.boundaryvalueproblems.com/content/2014/1/229
Now we state our main result in this paper.
Remark . Since k is continuous with power singularity t -γ , we will discuss the unique-
Proof of Theorem 1.1
In this section, the notations
In order to prove Theorem ., we first give the following lemmas.
Proof Here we borrow the ideas used in dealing with the extremum principle of the Caputo derivative in [] . Integration by parts yields
Together with k(t) > , k (t) <  for t ∈ (, T] and u(x  , t  ) is the minimum value of u on Q τ ,T , we obtain (.) from (.). This completes the proof of Lemma ..
where
Next we consider the general case of
Then we have
According to the proved conclusion, it follows that
Letting ε → , we get the desired conclusion and the proof is complete.
By using Lemma ., we can prove the following lemma.
Lemma . Let (.) be held and u be the solution of the problem (.)-(.). Then we have
Proof By the equation of u and (.), we have
Letting v = u t and differentiating the equation in (.) with respect to t, we find that
where we have used
According to Theorem A. in Appendix A, we have v ∈ C , (Q ,T ) under f t ∈ C(Q ,T ) and
Then applying Lemma ., we obtain
Now we are ready to prove (.). If (.) does not hold, then v attains the minimum value  on Q ,T at (x  , t  ) ∈ Q ,T , and we have v t (x  , t  ) ≤  and Av(x  , t  ) ≥ . Additionally, by Lemma . we obtain
This contradicts with f t (x, t) >  in Q ,T . The proof of Lemma . is complete. http://www.boundaryvalueproblems.com/content/2014/1/229
Now we prove Theorem ..
Proof of Theorem . Let (u  , k  ) and (u  , k  ) be two solutions of the inverse problem (.)-(.). This implies thatû :
Here we have used k  as the kernel function in L ,t and this has no impact on the following proof. In order to prove the uniqueness of the inverse problem (.)-(.), it is sufficient to show that
Indeed, if (.) holds, then we havek(t) =  for t ∈ (, T], i.e. t k (t -s)(u  )
t (x, s) ds = . Therefore, by Theorem ., we obtainû(x, t) =  for (x, t) ∈ Q ,T .
We now prove (.) by contradiction. We assume that (.) does not hold and then set
Without loss of generality, we can assume that
Obviously, the conclusion is correct for t  = . When t  > , we consider the direct problem (.) and (.) in Q ,t  . By
and Theorem A. we obtain û C , (Q ,t  ) = . Therefore,û(x, t) =  for (x, t) ∈ Q ,t  . Now on the basis of (.), (.), and (.), we have
Applying Lemma ., we haveû(x, t) ≥  in Q t  ,t  +δ . Furthermore, we can obtain
Otherwise, there exists (x  , t  ) ∈ Q t  ,t  +δ such thatû(x  , t  ) is the minimum value ofû on Q t  ,t  +δ . Then we haveû(x  , t  ) t =  and Au(x  , t  ) ≥ . Additionally, Lemma . gives http://www.boundaryvalueproblems.com/content/2014/1/229
which contradicts with L t  ,t [û](x, t) >  in Q t  ,t  +δ . Thus (.) follows. However, by (.), u(x  , t) =  for x  ∈ and t ∈ (t  , t  + δ). This is a contradiction. Thus the proof of Theorem . is complete.
Conclusion
In this paper we study an inverse weakly singular memory kernel problem for an integrodifferential equation related to the Basset problem. In order to determine the weakly singular term, we only use the measurement data at a fixed point x  ∈ , rather than the usual measurement data on the whole or part of in previous studies of inverse kernel problems. The uniqueness of our inverse problem is shown by using a maximum principle related to an integro-differential operator. In addition, the existence and uniqueness of the direct Basset problem with general kernel function are also given, which extends the results in [] and [] .
Appendix A
Here, we study the existence and uniqueness of the following direct problem:
We can prove the following.
t -α with  < α < , the equation of u can be rewritten as
This is a time fractional parabolic equation to describe the Basset problem [] .
Proof We will use a fixed point argument to prove this theorem. To do this, we set
with some r > , which will be specified below. For given v ∈ V r , we consider
The standard result for linear parabolic equation [] shows that there exists a unique solution u ∈ C , (Q ,T ) of the problem (A.) such that
Therefore, the following mapping:
is well defined. We want to choose T small enough to prove is a contraction on V r , which implies that has a unique fixed point u in
Then we can choose T  to satisfy
, and from which it follows that (V r ) ⊂ V r . On the other hand, given
Therefore, applying (A.) we have 
